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Abstract 

We introduce a family of rank functions and related notions of total transcendence 
for Galois types in abstract elementary classes. We focus, in particular, on abstract 
elementary classes satisfying the condition know as tameness, where the connections 
between stability and total transcendence are most evident. As a byproduct, we obtain 
a partial upward stability transfer result for tame abstract elementary classes stable in 
a cardinal A satisfying A N ° > A, a substantial generalization of a result of BaKuVa06 . 

1 INTRODUCTION 

One of the projects driving recent work in model theory has been the pursuit of a classification 
theory for nonelementary classes, encompassing both the resolution of various categoricity 
conjectures generalizing Morley's theorem and the development of something resembling sta- 
bility theory in the non- first-order context. The impetus to study such questions is as much 
practical as theoretical: many natural mathematical objects defy first-order axiomatization 
(e.g. Banach spaces, Artinian commutative rings, and the complex numbers with exponen- 
tiation), and are thus beyond the scope of the results and methods of the classical theory. 
On a theoretical level, the study of nonelementary classes offers an opportunity to obtain 
a deeper understanding of how classical stability theory actually works — which aspects are 
purely general, and which are inextricably linked to the unique structure of first-order logic. 

The initial analysis of the model theory of more general logics (such as L K u ) was largely 
rooted in syntactic considerations, unfailingly identifying types with satisfiable sets of for- 
mulas, and relying on methods closely tailored to the peculiarities of the logics in question. 
Abstract elementary classes (AECs) and their associated, fundamentally non-syntactic Ga- 
lois types (both notions due to Shelah) represent a broad, unifying framework that supports 
a more uniform treatment of questions concerning categoricity and stability, transcending the 
focus on individual logics that limited the cope of earlier assays. Essentially the category- 
theoretic hulls of elementary classes — we discard syntax entirely, but retain the essential 
diagrammatic properties of elementary embeddings — AECs are sufficiently general to en- 
compass classes of models of sentences in £oo,w, L{Q), and L Ul:U (Q), as well as homogeneous 
classes, but also seemingly rich enough in structure to permit the development of an inter- 
esting classification theory. 
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Naturally, with the added generality comes added difficulty: for AECs satisfying a variety 
of conditions intended to guarantee reasonable behavior, two decades of work have typically 
yielded only partial categoricity and stability transfer results. In |JaSh08| and |Sh600j . for 
example, Shelah has established a variety of broad structural results (including a version of 
his categoricity conjecture) for AECs with good or semi-good frames; that is, AECs equipped 
with forking relations reminiscent of those associated with stable or superstable theories in 
the classical realm. In [GrVa06c , Grossberg and Vandicrcn obtain a large-scale categoricity 
transfer result for the class of AECs in which the Galois types satisfy the important locality 
condition known as tameness using a toolkit that includes such classical standbys as indis- 
cernibles and Morley sequences. With these same methods, augmented with the notion of 
splitting, Grossberg and VanDieren also establish, in [GrVa06b , a partial stability spectrum 
result for tame AECs. 

Most recently, Baldwin, Kueker and VanDieren use a splitting argument to prove a strik- 
ing upward stability transfer result for Ho-Galois-stable AECs (Theorem 2.1 in |BaKuVa06j ): 
if k is a cardinal of uncountable cofinality and the AEC is Galois stable in every cardinal 
less than k, it must be Galois stable in k as well. We here introduce an entirely new set 
of vaguely classical methods: a family of rank functions for Galois types, which bear a cer- 
tain resemblance to Morley rank, and use these to prove a generalization of the result of 
|BaKuVa06] . In particular, we show that this kind of transfer is triggered not merely by 
N -Galois stability, but by stability in any cardinal A satisfying the inequality A K ° > A, and 
significantly weaken the assumption on stability below k. 

2 PRELIMINARIES 

We begin with a very brief introduction to AECs, Galois types, and a few relevant properties 
thereof. Naturally this exposition will not be exhaustive; readers interested in further details 
may wish to consult |Ba08j or [Gr02] . To begin: 

Definition 2.1. Let L be a finitary signature (one-sorted, for simplicity). A class of L- 
structures equipped with a strong submodel relation, (IC, ~</c), is an abstract elementary class 
(AEC) if both JC and -<k: are closed under isomorphism, and satisfy the following axioms: 

AO The relation -<jc is a partial order. 

Al For all A/, N in K, if M~< K N, then M C L N . 

A2 (Unions of Chains) Let (M a \a < S) be a continuous ^jtc-increasing sequence. 

1- \J a <sM a €JC. 

2. For all a < 5, M a < K \J a<s M a . 

3. If M a ^ K M for all a < 5, then {j a<s M a < K M. 

A3 (Coherence) If M ,Mi^ K M in fC, and M C L Mi, then M ^ K M X . 

A4 (Downward Lowenheim-Skolem) There exists an infinite cardinal LS(/C) with the prop- 
erty that for any MgK and subset A of M, there exists Mq 6 K, with A C Mo^kM 
and |M | < L4|+LS(/C). 

The prototypical example, of course, is the case in which /C is an elementary class — the 
class of models of a particular first-order theory T — and is the elementary submodel 
relation, in which case LS(/C) is, naturally, Ho + |L(T)|. 
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For any infinite cardinal A, we denote by IC\ the subclass of IC consisting of all models of 
cardinality A (with the obvious interpretations for such notations as /C<a and JCy\). We say 
that IC is A-categorical if IC\ contains only a single model up to isomorphism. For M, N G IC, 
we say that a map / : M — V N is a /C-embedding (or, more often, a strong embedding) if 
/ is an injective homomorphism of L(/C)-structures, and /[MJ^iV, that is; / induces an 
isomorphism of M onto a strong submodel of N. In that case, we write / : M >x N . We 
also adopt the following notational shorthand: for any M G IC and any cardinal A, we denote 
by Sub<x(M) the set of all strong submodels N-< K M with \N\ < A. 

Definition 2.2. Let K. be an AEC. 

1. We say that an AEC IC has the joint embedding property (JEP) if for any Mi, M2 G IC, 
there is an M G K, that admits strong embeddings of both Mi and M2, /» : Mj M 
for i = l,2. 

2. We say that an AEC /C has the amalgamation property (AP) if for any Mq G /C and 
strong embeddings fi : Mo Mi and fi : Mo M2, there are strong embeddings 
gi : Mi = — N and 92 : M2 c -»x A such that gi° fx = 32 fi- 

Notice that both properties hold in elementary classes (provided the associated first-order 
theory is complete), as a consequence of the compactness of first-order logic. In this more 
general context, devised to subsume classes of models in logics without any compactness to 
fall back on, both appear as additional (and nontrivial) assumptions on the class. As we 
need both properties, we add the following assumption to the basic AEC axioms: 

Assumption 2.3. The class (K., -<jc) satisfies the AP and JEP. 

It is not immediately clear what we might embrace as a suitable notion of type in AECs, 
given that we have dispensed with syntax, and removed ourselves to a world of abstract 
embeddings and diagrams thereof. The best candidate — the Galois type — has its origins in 
the work of Shelah (first appearing in Sh88 and Sh394 ). Although Galois types can be 
defined in very general AECs, we restrict our attention to those with amalgamation and joint 
embedding. In any AEC IC of this form, we may fix a monster model € G IC, and consider 
all models M G K. as strong submodels of £ with |M| < In this case, Galois types have 
a particularly simple characterization. 

Definition 2.4. Let M € IC, and a G C The Galois type of a over M, denoted ga-tp(a/M), 
is the orbit of a in £ under AutAf(£), the group of automorphisms of £ that fix M. We 
denote by ga-S(M) the set of all Galois types over M. 

In case K, is an elementary class with -<tc as elementary submodel, the Galois types over 
M correspond to the complete first-order types over M: 

ga-tp(a/M) = ga-tp(6/M) if and only if tp(a/M) = tp(6/M) 

In general, however, Galois types and syntactic types do not match up, even in cases when 
the logic underlying the AEC is clear (say, IC = Mod^), with ip G L Ul>w ). We run through 
a series of basic definitions and notations: 

Definition 2.5. 1. We say that IC is X-Galois stable if for every M G IC\, |ga-S(M)| = A. 

2. For any M, a G £, and N^icM, the restriction of ga-tp(a/M) to N, which we denote 
by ga-tp(a/M) f A, is the orbit of a under Autjv(C). This notion is well-defined: the 
restriction depends only on ga-tp(a/M), not on a itself. 
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3. Let N-<iqM and p £ ga-S(-ZV). We say that M realizes p if there is an element a £ M 
such that ga-tp(a/M) \ N — p. Equivalently, M realizes p if the orbit in £ correspond- 
ing to p meets M. 

4. We say that a model M is X-Galois-saturated if for every N^icM with | TV | < A and 
every p £ ga-S(iV), p is realized in M. 

Henceforth, the word "type" should be understood to mean "Galois type," unless other- 
wise indicated. Moreover, when there is no risk of confusion, we will omit the word "Galois" 
altogether, speaking simply of types, A-stability, and A-saturation. 

Initial attempts at establishing a classification theory for AECs have focused on classes 
satisfying a variety of broad structural conditions: for example, excellence (as described 
in |GrKo05j ) and the existence of good or semi-good frames (as considered in |Sh600| and 
[JaSh08 ) , which echo classical notions of simplicity, stability, and superstability, respectively. 
We here concern ourselves primarily with a property that has no particularly natural classical 
analogue: tameness of Galois types. Roughly speaking, tameness (of the form that we 
will consider) means that types are completely determined by their restrictions to small 
submodels, a condition slightly reminiscent of the locality properties of syntactic types. A 
possible intuition is the following: we may regard types over small models as playing a role 
analogous to formulas in first-order model theory, in which case tameness guarantees that 
types are determined by their constituent "formulas." In this analogy, tameness of Galois 
types may in fact be most closely identified with completeness in the realm of syntactic 
types. 

We present two degrees of tameness: 

Definition 2.6. 1. We say that JC is x-iame if for every M £ /C, if p and p' are distinct 
types over M, then there is an N G Sub< x (M), such that p \ N ^ p' \ N. 

2. We say that /C is weakly x-iame if for every saturated M £ /C, if p and p' are distinct 
types over M, then there is an N £ Sub< x (M), such that p \ N ^ p 1 \ N. 

A few words about the significance of the assumption of tameness: although it holds 
automatically in elementary classes (as well as in homogeneous classes, among other settings), 
it fails in some contexts — |BaKo07] and [BaSh07 , for example, construct examples of non- 
tame AECs from Abelian groups. Moreover, it is independent from the other properties 
one associates with well-behaved AECs. It is established in [BaSh07 , for example, that 
given an AEC with amalgamation, there is an AEC without amalgamation with precisely 
the same tameness spectrum. Its utility more than justifies the loss of generality involved in 
its assumption, though: it plays an indispensable role in establishing many of the existing 
upward categoricity transfer results (such as those of |GrVa06a] . |GrVa06 c . and [Sh394 ), 
the downward transfer result included in Chapter 15 of |Ba08j . and nearly all of the partial 
stability spectrum results of [BaKuVaOB] . |GrVa06b] . and |Li09bj . although weak tameness 
occasionally suffices in !B aKuVa06j and |Li09bj . 

We close the preliminaries with a brief topological aside (a more detailed treatment can be 
found in Li09c ) which, although it will not necessarily be emphasized in the sequel, provides 
essential motivation for the definitions that follow. Recall the identification that formed the 
basis of our intuition concerning tameness of Galois types — types over small submodels as 
"formulas" — and fix our notion of "small" as "of cardinality less than or equal to A," with 
A > LS(/C). Just as the Stone space topology on syntactic types is generated from a basis 
of open — indeed, clopen — sets, each one consisting of all complete types containing a given 
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formula, we here consider sets of Galois types extending given "formulas" ; that is, for each 
model M £ K., we consider all sets of the form 

U P , N = {q e ga-S(M) : q \ N = p} 

where N £ Sud<a(M) and p £ ga-S(iV). It is an easy exercise to show that the U Pj n form 
a basis for a topology on ga-S(M) — we denote the resulting space by Xj^ — and, moreover, 
that they are clopen sets, analogous to the first-order case. In fact, if /C is an elementary 
class (in which case Galois types may be identified with complete first-order types), we see 
that the topologies thus obtained refine the standard syntactic topology. 

In fact, what we obtain is a spectrum of spaces X^ associated with each M £ /C, with 
one space for each A > LS(/C), and a tight correspondence between topological properties 
of the spaces in the various spectra and model-theoretic properties of the AEC (see |Li09cj 
for a complete account). In particular, x-tameness of an AEC means precisely that any two 
distinct types over a model M £ K, can be distinguished by their restrictions to a submodel 
of M of size at most x> that is, they can be separated by basic open sets in each of the spaces 
Xm for A > x- It should come as no surprise, then, that we have: 

Proposition 2.7. If K. is x-tame, X^ is Hausdorff for all M £ K. and A > x- 

Furthermore, in light of the fact that every X^ has a basis of clopens, the spaces in 
question will be totally disconnected — nearly Stone spaces. As it happens, though, tameness 
rules out not merely compactness, but even countable compactness. The chief complication 
results from the following: 

Proposition 2.8. For any M £ JC and A > LSflC), the intersection of any A open subsets 
of X^j is open. 

Proof. It suffices to show that the intersection of A basic open sets is open. To that end, let 
{U Pi ,Ni i < A} be a family of open subsets of X^t and let q £ f] i<x U Pii n t . The union of 
the Ni is a subset of M of cardinality A so, by the Downward Lowenheim Skolem Property, 
there is a submodel N^jcM that contains it. By coherence, Ni-<icN for all i. Consider the 
basic open neighborhood U q \N,N- It certainly contains q. For any q' £ U q \N,N, moreover, 

q' \Ni = q' \N \Ni = q\ N \N i = q\N i =p i 

Hence q' is contained in (~) i<x U Pii Ni and, as this holds for any such q' , U q \N,N Q P|;<a ^p«,-?V 

□ 

As a result, if an AEC is x-tame, the spaces X^ for A > x exhibit an extraordinary degree 
of separation. Although we leave the proofs to |Li09cj . the following results (Propositions 
6.5 and 7.1 in the aforementioned paper) convey the essential flavor: 

Proposition 2.9. Let K, be x-tame, and A > x- Any set S C X^ with \S\ < A is closed and 
discrete. 

Thus there will be a number of infinite sets with no accumulation point, meaning that, 
as claimed above, the spaces cannot be countably compact. We close with a closely related 
characterization of what it means to be an accumulation point in X^ : 

Proposition 2.10. Let K, be x-tame, and A > x- A type q £ X^ f is an accumulation point 
of a set S C X^j if and only if for every neighborhood U of q, \U PI S\ > A. 
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3 RANKS FOR GALOIS TYPES 



We have just seen that if an AEC K. is x-tame, then for any A > \ (and, of course, A > LS(/C)), 
the criterion for a type q £ ga-S(M) to be an accumulation point of a family of types in X^ 
is quite stringent: every neighborhood must contain more than A types in the given family. 
This condition inspires the definition of the following Morley-like ranks: 

Definition 3.1. [RM A ] Assume /C is x-tame for some \ > LS(/C). For A > x, we define 
RM A by the following induction: for any q £ ga-S(M) with \M\ < A, 

• RM A [g] > 0. 

• RM A [g] > a for limit a if RM x [q] > f3 for all (3 < a. 

• RM A [g] > a + 1 if there exists a structure M'y^M such that q has strictly more than 
A extensions to types q' over M' with the property that 

RM x [q' \ N] > a for all N £ Sub< A (M') 

For types q over M of arbitrary size, we define 

RM x [q] = min{RM A [g \ N] : N £ Sub< A (Af)}. 

Before we proceed, a bit of motivation for this longwinded definition: in topologizing 
ga-S(M) as (and in developing our intuition with regard to tameness), we essentially 
allow the types over substructures of size at most A to play a role analogous to that ordinarily 
played by formulas. In defining the ranks RM A , we first define the rank of these "formulas" 
and subsequently define the rank on types extending them as the minimum of the ranks 
of their constituent "formulas," just as in the definition of Morley rank in classical model 
theory. 

There is something to check here, though. The types over models of cardinality at most 
A whose ranks were defined by the inductive clause are also covered by the second clause. 
We must ensure that there is no possibility of conflict between the two. Let RM A denote the 
ranks assigned to such types using only the inductive clause. 

Lemma 3.2. The ranks RM X are monotone: for any N,N' £ JC<\, N'~<jcN, and any 
q £ ga-S(N), RM X [q] < RM X [q IN'}. 

Proof: We show that for any ordinal a, RM x [q] > a implies RM A [g \ N'] > a. We proceed 
by an easy induction on a. The zero case is trivial, by the first bullet point. The limit cases 
follow from the induction hypothesis. For the successor case, notice that if RM A [g] > a + 1, 
the extension My^N that witnesses this fact is also an extension of N' and witnesses that 
RM A [g[iV']>a + l. □ 

So we needn't worry that the rank assigned to a type q £ ga-S(M) with M £ JC<\ under 
the second clause (RM A [g] = min{RM A [g \ N] : N^ K M, \N\ < A}) will differ from the rank 
of p under the first clause. Hence the ranks RM A are well-defined. In fact, we can now restate 
the third bullet point above in a more compact form: for q £ ga-S(M) with M £ /C<a, 

• RM A [<7] > a + 1 if there exists a structure MV/cM such that q has strictly more than 
A many extensions to types q' over M' with RM A [g'] > a. 

We will invariably use this formulation in the sequel. 

We now consider the basic properties of the ranks RM A , beginning with an extension of 
our partial monotonicity result, Lemma 13.21 
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Proposition 3.3. [MonotonicityJ If M< K M' and q G ga-S(M'), then RM x [q] < RM x [q f 
M]. 

Proof: Trivial, from the second clause of the dehnition. □ 

Bear in mind that "p is a restriction of g" corresponds to the first-order "g h p," so this 
is indeed an appropriate analogue of the monotonicity result for the classical Morley rank. 

Proposition 3.4. [Invariance] Let f be an automorphism of the monster model €, let q G 
ga-S(M), and let Af = f[M]. Then the type f[q] G ga-S(M') satisfies RM x [f[q]] = RM [q]. 

Proof: We again proceed by induction, and once again the zero and limit cases are trivial. 
It remains to show that whenever RM A [g] > a + 1, RM A [/[<7]] > a + 1, with the converse 
following by replaying the argument with / _1 in place of /. As before, if RM A [g] > a + 1, 
then each N G Sub<^(M) has an extension M/v over which q \ N has more than A many 
extensions of rank at least a. Notice that for any N' G Sub<>(M'), N' = f[N] for some 
N G Sub<A(M) and, moreover, that 

M r N' = f[q] \ f[N] = f[q \ N] 

The extensions of q f N to Mjv of rank at least a map bijectively under the automorphism / 
to extensions of f[q] \ N' to types over /[M/v] and, by the induction hypothesis, these image 
types are also of rank at least a. As a result, for any N' G Sub< A (M'), RM A [/[g] \ N'] > a+1. 
Thus RM x [q] > a + 1, as desired. □ 
Trivially, 

Proposition 3.5. [< X-Local Character] For any q G ga-S(M), there is an N G Sub<\(M) 
with RM x [q \ N] = RM x [q\. 

Slightly less trivially, 

Proposition 3.6. [Relations Between RM X ] Whenever A < [i, RM"[q] < RM x [q\. 

Proof: By induction, with the zero and limit cases still trivial. If RM^] > a + 1, then for 
every N G Sub< Al (M), q \ N has more than fj, extensions to types of RM^-rank at least a over 
some Mn>~k.N . In particular, there are more than A such extensions and, by the induction 
hypothesis, they are all of RM A -rank at least a. Noticing that Sub<A(M) C Sub< M (M), one 
sees that the same holds for all N G Sub<A(M), meaning that, ultimately, RM A [(7] > a+1. 
□ 

The ranks RM A [— ] also have the following attractive property: letting CB A [q] denote the 
topological Cantor-Bcndixson rank of a type q G Xj^, where M is the domain of q, we have 

Proposition 3.7. For any q (say q G ga-S(M )), CB x [q] < RM x [q}. 

Proof: We show by induction that CB A [g] > a implies RM A [g] > a. The zero and limit cases 
are not interesting. If CB A [g] > a + 1, q is an accumulation point of types of CB A -rank at 
least a. This means, by Proposition 12 . 1(71 that every basic open neighborhood of q contains 
more than A such types, which is to say that each q \ N with N G Sub<A(M) has more than 
A many extensions to types over M of CB A -rank at least a. By the induction hypothesis, 
these types are of RM A -rank at least a, and for each N G Sud<a(M) witness the fact that 
RM x [q \ N] > a + 1. Naturally, it follows that RM x [q] > a + 1. □ 

A quick fact about CB A , incidentally, which we obtain in the usual way: 

Proposition 3.8. If every q G has ordinal CB X -rank, isolated points are dense in X^- 
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In particular, then, if all of the types over a model M G K, have ordinal RM A -rank, 
isolated points are dense in X^. 

One of the great virtues of the classical Morley rank is that types have unique extensions 
of same Morley rank: if p 6 S(A) has RM[p] = a and B D A, there is at most one type 
q G S(B) that extends p and has RM[g] = a. While we do not have a unique extension 
property for the ranks RM A , we do have a very close approximation, Proposition ^. 101 below. 
First, we notice: 

Lemma 3.9. Let M<x.M' ', q G ga-S(M) with an ordinal RM X -rank. There are at most A 
extensions q' G ga-S(M') with RM x [q'\ = RM x [q]. 

Proof: For the sake of notational convenience, say RM A [g] = a. Let S = {q' G ga-S(M') | q' \ 
M = q, and RM [g'] = a}, and suppose that |5| > A. For any N G Sub<A(M), each q' is an 
extension ofg \ N, meaning that RM A [g \ N] > a+l for all such N. But then RM A [q] > a+1. 
Contradiction. □ 

It is worth noting here that we have made no use of tameness in the discussion above — not 
in the definition of the ranks RM A , nor in the proofs of the properties thereof — and have 
merely made use of the fact that A > LS(/C). From now on, however, it will often be critically 
important that we have the ability to separate distinct types, leading us to restrict attention 
to those RM A with A > x, the tameness cardinal of the AEC at hand. We will be very 
explicit in making this assumption whenever it is necessary, beginning with the following 
essential property of the RM A : 

Proposition 3.10. [Quasi-unique Extension] Let K, be \-tame with \ > LS(IC), and let A > 
X- Let M -<k.M' , q G ga-S(M ), and say that RM x [q] = a. Given any rank a extension q' of q 
to a type over M' , there is an intermediate structure M" , M~< K M"< K M' , \M"\ < \M\ + A, 
and a rank a extension p G ga-S(M" ) of q with q' G ga-S(M') as its unique rank a extension. 

Proof: Again, let S = {q" G ga-S(M') | q" \ M = q, and RM x [q"} = a}. From the lemma, 
\S\ < A, meaning that S is discrete (by tameness and Corollary 3.35). Thus there is some 
N G Sub< A (Af) with the property that q' \ N satisfies U q <\ N , N n S = {q'}. Take M" G K 
containing both M and N and with \M"\ < |M| + |iV|+LS(/C) < |M|+A, and set p = q' f M" . 
Notice that, by monotonicity, 

a = RMV] < RM A [p] < RM x [q] = a 

so RM A [p] = a. Naturally, q' is a rank a extension of p. Any such extension q" of p is also 
a rank a extension of q, hence in S, and also an extension of q' \ N . By choice of N, then, 
we must have q" = q' ■ □ 

A possible gloss for this complicated-looking result: while a type p G ga-S(M) of RM A - 
rank a may have many extensions of rank a over a model M'^jcM, we need only expand 
its domain ever so slightly (adding at most A elements of M') to guarantee that the rank 
a extension is unique. As innocuous as this proposition may seem, it is the linchpin of the 
analysis of stability in this framework, and will see extensive use in Sections [5] and [(51 Of 
course, quasi-unique extension applies only to types with ordinal RM A -rank. To take the 
fullest possible advantage of this property, then, we would be wise to confine our attention 
to AECs where RM A is ordinal-valued on all types associated with the class. 

4 STABILITY AND A-TOTAL TRANSCENDENCE 

In classical model theory, we call a first-order theory totally transcendental if all types over 
subsets of the monster model are assigned ordinal values by the Morley rank. We now define 
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analogous notions for Galois types in AECs, one for each Morley-like rank RM . 

Definition 4.1. We say that JC is X-totally transcendental if for every M 6 JC and q € 
ga-S(M), RM A [g] is an ordinal. 

Proposition 4.2. If JC is X-totally transcendental, it is ^-totally transcendental for all fi > A. 

Proof: See Proposition l3.6i the result concerning the relationship between the various Morley 
ranks. □ 

Putting this proposition together with Propositions 13. 71 and 13 . 81 we have: 

Proposition 4.3. // JC is X-totally transcendental, then for any M and fJ, > X, isolated 
points are dense in X^j. 

As a nice special case, if LS(/C) = Ho, and JC is Ko-tame and Ho-totally transcendental, 
then isolated points are dense in each space . This bears a certain resemblance to the 
classical result linking total transcendence to the density of isolated points in the spaces of 
syntactic types. 

As interesting as this result may be, the true power of the notion of A-total transcendence 
lies in the leverage it provides in rather a different area: bounding the number of types over 
models. We will take advantage of this in Sections [5] and [5] below to prove a variety of results 
related to Galois stability. Before we give any further thought to A-totally transcendental 
AECs, though, it seems natural to inquire whether the notion is, in fact, a meaningful 
one; that is, whether one can actually find A-totally transcendental AECs. One can, as the 
following proposition suggests: 

Theorem 4.4. If JC is x-tome for some x > LS(K. ), and is X-stable with X > \ and X^° > X, 
then JC is X-totally transcendental. 

Proof: Suppose that RM A is unbounded; that is, suppose that there is a type p over some 
N^ K € with RM A [p] = oo. Indeed, we may assume that \N\ < X (if there is a type of rank 
oo over a larger structure, consider one of its restrictions). We proceed to construct a JC- 
structure N of size A over which there are A N ° many types, thereby establishing that JC is 
not A-stable. We first need the following: 

Claim 4.5. For any X, there exists an ordinal ac such that for any q over M< K C, RM X [q] = 
oo just in case RM x [q] > a. 

Proof: The number of all such types can be bounded in terms of meaning that the set 
of their ranks cannot be cofinal in the class of all ordinals. □ (Claim) 
We construct N as follows: 

Step 1: Set p% — p. Since p% satisfies RM A [p0] = oo, RM A [p@] > a. Hence there is an 
extension My^N over which py has more than A many extensions of rank at least a and 
thus of rank oo. Take any A many of them, say {qi € ga-S(M) | i < A}. By Proposition 12.91 
this set is discrete in X^, meaning that for each i < A, there is an G Sub<^(M) with the 
property that qj \ N[ ^ ^ \ JV t ' whenever j ^ i. Let Nq be a /C-substructure of M containing 
N u (U t <A N %)> \ N ®\ = A - For eacn * < A ' define p. t = q. t \ N®. Notice that: 

• RM x [ Pl ] > RM x [ qi \ = oo 

• We have Pl \ N = {q, \ Nj) \ N = q, \ N = p . 

• If pi = pj , then 

Qi r Ni = { qi r N % ) \N i =p i \N i = Pj r X t = ( qj \ N 9 ) \ X t = qj \ N h 
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in which case we must have i = j. That is, the pi are distinct. 

So we have a family {pi G ga-S(A r 0) | i < A} of distinct extensions of p%, all of rank oo. 

Step n + 1: For each ct £ A™, we have a structure iVo- of size at most A and a family of 
distinct types {p a i € ga-S(iV cr ) | i < A}, all of rank oo. For each i < A, apply the process of 
step 1 to each p • By this method, we obtain (for each i < A) an extension N&i>-icN (T with 
\N a i\ — A and a family {po-y S ga-S(JV cr j) | j < A} of distinct extensions of p &% , all of rank oo. 

Step w: Notice that for each r e A", the sequence JVjj, iV T fi, . . . , JV T f n , . . . is increasing 
and, moreover, -increasing (by coherence and the fact that everything embeds strongly 
in <t). It follows that N T := {j n<u N T \ n is in JC. Notice also that the p T \( n +i) £ ga-S(^V r f„) 
for n < uj form an increasing sequence of types over the structures in this union. By (lu, oo)- 
compactness of AECs (see Theorem 11.1 in |Ba08j 1. there is a type p T <E ga-S(A r ) with the 
property that for all n < u>, p T \ N T \ n = p T \(n+i)- Let N be a structure of size A containing 
the union 

u ^ 

(which is possible, since the union is of size at most A • \ <u = A • A = A). For each r € A", 
let q T be an extension of p T to a type over N. There are A N ° many such types, all over N — it 
remains only to show that they are distinct. To that end, suppose that r, r' G A w , r ^ r'. It 
must be the case that for some a £ A <w , r = ai . . . and r = aj . . . with i ^= j. Then 

q T \ N„ = (q T r N T ) f N a = p T \ N a = p m 

Similarly, we have 

q T , \ N a = (q T , \ Nr.) \ N a = p T , \ N a = Paj 

Since p a i and p a j are distinct by construction, q T ^ q T > , and the types are distinct as claimed. 
By our assumption that A N ° > A, then, 1C is not stable in A. □ 

So the notion of A-total transcendence is far from vacuous: totally transcendental AECs 
do exist. 

5 TRANSFER RESULTS 

As promised, we will now employ A-total transcendence as a tool to analyze the proliferation 
of types over models in AECs. In fact, we introduce two methods of bounding the number 
of types over large models, the first of which is captured by the following result: 

Theorem 5.1. Let K. be x~^ ame f or some \ ^ LSfiC), and X-totally transcendental with 
A > X + \L(IC)\. Then for any structure M with \M\ > X, \ga-S(M )\ < \M\ X . 

Proof: Take q e ga-S(M), RM A [g] = a. It must be the case that RM x [q f N] = a for some 
N e Sub< A (M) whence, by Proposition ETT01 there is an N'y K N with |AT'| < A such that 
q f N' has rank a and has a unique rank a extension q over M. Hence 

\{q e ga-S(Af) | RM A [g] = a}\ < \{p over N E Sub< A (M) | RM A [p] = a}\ 

and thus 

|ga-S(M)| = |U Q {<?ega-S(Af)|RM A [g] = a}\ 

< I U a {P over N e Sub< A (M) | RM A [p] = a}\ 
= \{p over N e Sub< A (M)} 
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Obviously, \N\ < A for any TV e Sub<A(M), so by a general principle (see Proposition 2.10 
in [Ll09b . for example) it must be the case that |ga-S(iV)| < 2 A . Hence 

|ga-S(M)| < 2 A • |Sub< A (M)| 
< 2 A • |Af| A 
= |Af| A 

So we are done. □ 

A major consequence of this theorem is: 

Corollary 5.2. If K, is X~t ame f or some \ > LS(fC), and X-totally transcendental with 
X > x + 1^(^)1; then for any /i satisfying /i A = fx, /C is /i-stable. 

In light of Theorem 14.41 we may eliminate any mention of A-total transcendence and 
translate the corollary above into a pure upward stability transfer result: 

Proposition 5.3. If IC is for some x > LS(IC), and X-stable with A > x + 1-^(^)1 

and A^° > A, then IC is stable in every /i with /i A = [i. 

Proof: Under the assumptions on A, stability in A implies A-total transcendence of IC (by 
the theorem invoked above). We are then in the situation of Corollary 15.21 and the result 
follows. □ 

It should be noted that this result is weaker than one found in GrVa06b — namely 
Corollary 6.4 — obtained by a splitting argument, which dispenses with the assumption that 
A N ° > A, inferring stability in /i with // A = /i from stability in any A larger than the tameness 
cardinal. The potential advantages of our method become slightly more evident if we recast 
Proposition 15.31 in such a way as to make clear the larger project for which it should be the 
jumping off point: 

Theorem 5.4. Let K, be x-tame for some x ^ LSflC), and X-stable with X > x+ \L(1C)\ and 
A Ko > A. Then there exists k < A such that IC is [i-stable in every \i satisfying \i K = /i. 

Recall that if K, is stable in such a A, it is A-totally transcendental, and we may take 

k = min-{V | /C is ^-totally transcendental}. 

For this to be an actual improvement on existing results, of course, one would need to be able 
to give a meaningful bound on k, the cardinal at which total transcendence first occurs, that 
places it well below A. Given that there is something of an analogy between this cardinal and 
the cardinal parameter of nonforking in elementary classes, there is some hope that this can 
be achieved, transforming the theorem above into a stability spectrum result reminiscent of 
those familiar from first-order model theory. 

There is a different tack to be taken, though. We introduce a second method for bounding 
the number of types over models of size larger than the cardinal of total transcendence: 

Theorem 5.5. Let K, be x~tcime for some x > LS(K,), and X-totally transcendental with 
X > x- For any M G IC with cf(\M\) > X, 

\ga-S(M)\ < \M\ ■ sup{\ga-S(N)\ \ N< K M, \N\ < \M\}. 

Proof: Take a filtration of M: 

Mo-te-Mi-te . . . <KM a < K . . . < K M 
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for a < \M\, with \M a \ < \M\ for all a and M = LL<|m| m <±- Let 1 € g a " S ( M )- B Y 
A-total transcendence, RM A [g] = /3 for some ordinal /? and, moreover, this is witnessed by 
a restriction to a small submodel of M. That is, there is a submodel N £ Sud<a(M) with 
RM x [q \ N] = p. By Proposition EUDJ there is an intermediate extension N^iqN' <iqM 
with \N'\ — A such that q \ N' has unique rank j3 extension q over M. Since cf(|M|) > A, 
N' C M Q for some a (and, by coherence, N' ~</cM a ). Clearly, the type q \ M a has q as 
its only rank /3 extension over M. By a computation similar to that found in the proof of 
Proposition [5Tll then, we have 

|ga-S(M)| < \M\ • sup{|ga-S(M Q )| | a < \M\} 

The inequality in the statement of the theorem is a trivial consequence. □ 

In essence, the theorem asserts that for models M of cardinality /x with cf(/i) > A, 
the equality |ga-S(M)| = /x fails only if there is a submodel N^iqM with \N\ < ix and 
|ga-S(iV)| > /i. To ensure that this does not occur — that we have, in short, stability in 
[i — we need considerably less than full stability in the cardinals below \i. To be precise: 

Theorem 5.6. Let /C be x-tame for some x ^ LS(JC) and X-totally transcendental with 
A > X, an d let A 4 satisfy cf(fi) > A. If for every M £ /C< M , \ga-S(M)\ < \x, JC is stable. 

Proof: For any M £ /C M , 

|ga-S(M)| < \M\ ■ sup{|ga-S(AT)| I N< K M, \N\ < \M\} < \M\ ■ \M\ = \M\. □ 

We may tighten the statement up a bit, once we notice the following: 

Lemma 5.7. If there is a set S of cardinals cofinal in an interval [k, fx) which has the 
property that for every M £ /C with \M\ £ S, \ga-S(M )\ < fx, then \ga-S(M )\ < ix for every 
M ■ A. „. 

Proof: Let M £ K. <fl . If \M\ £ S, we are done. If not, take v £S with v > \M\, and let M' 
be a strong extension of cardinality v, M ^-/c M' £■ By assumption, |ga-S(M')| < /.x. 
Every type over M has an extension to a type over M', and, of course, distinct types must 
have distinct extensions. Hence 

|ga-S(M)| < |ga-S(M')| < fx. □ 

So Theorem 15.61 becomes 

Theorem 5.8. Let 1C be for some x ^ LS(JC) and X-totally transcendental with 

A > Xj an d let fx satisfy cf(/i ) > A. If there is a set S of cardinals cofinal in an interval [k, ix) 
which has the property that for every M £ IC with \M\ £ S, \ga-S(M )\ < ix, /C is fx-stable. 

The assumption on the number of types over models of cardinality less than \x in the 
theorem above is very weak — it is certainly more than sufficient to assume that /C is ^-stable 
for each v in a cofinal set below fx. In particular, we have: 

Corollary 5.9. If IC is x~tame for some x ^ LS(JC) and X-totally transcendental with X > x> 
ix satisfies cf(fx) > X, and IC is stable on a set of cardinals cofinal in an interval [k,lx), then 
IC is fx-stable. 

Using Theorem 14.41 again, we may recast the corollary as a stability transfer result that 
makes no mention of total transcendence. Though the product of this rewriting is a trivial 
consequence of the foregoing discussion (and, indeed, an extremely special case of Theo- 
rem EH]), it nonetheless generalizes a state-of-the-art result: Theorem 2.1 in [BaKuVa06 . 
First, the statement of the theorem: 
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Theorem 5.10. If fC is ^-tome for some x > LS(JC) and X-stable with X > x an d X^° > A, 
then for any [i with cf(fi) > X, if K, is stable on a set of cardinals cofinal in an interval [k, /i), 
K, is ^-stable. 

If we restrict our attention to the special case in which the AEC is Ko-stable, and assume 
more stability below [i than we need, strictly speaking, we have: 

Corollary 5.11. If 1C has IS(IC) = Kq and is Ko-tame and Ho-stable, then for any /i with 
cf(fi) > Ko, if /C is K-stable for all k < ji, K is /i-stable. 

In other words: in an AEC satisfying the hypotheses of the corollary, a run of stability 
will never come to an end at a cardinal [i of uncountable cofinality; it will, in fact, include 
//, then then and so on. This remarkable fact is the aforementioned result of 

|BaKuVa06j (which also appears as Theorem 11.11 in [Ba08 ). What we have discerned by 
our method — and distilled in Theorem l5.10l — is that it is not stability in Ho which is critical, 
but rather stability in any cardinal A satisfying A N ° > A. Moreover, it is not necessary to have 
stability in every cardinality below the cardinal of interest, /i, but rather to have stability 
(or, indeed, somewhat less than stability) in a cofinal sequence of cardinals below \x. 

6 WEAKLY TAME AECS 

We now shift our frame of reference. Thus far we have limited ourselves to AECs that 
are tame in some cardinal x- The time has come to consider how the picture may differ 
in an AEC that is weakly x-tame, rather than ^-tame. The most important difference is 
that the argument for Theorem 14.41 no longer works, meaning that we can no longer infer 
total transcendence from stability. In a sense, then, we must treat total transcendence as 
a property in its own right, independent from the more conventional properties of AECs. 
On the other hand, the argument for Theorem 15.51 still goes through, provided the model in 
question is saturated. That is, 

Proposition 6.1. Let K, be weakly x-tame for some x > LS(K ), and /i-totally transcendental 
with /i > X- If M £ K, is a saturated model with cf(\M\) > fj,, then 

\ga-S(M)\ < \M\ ■ snp{\ga-S(N)\ \ N^ K M, \N\ < \M\} 

We can use this to get bounds on the number of types over more general (that is, not 
necessarily saturated) models, provided that there are enough small saturated extensions in 
/C. In particular, if we can replace a model M € IC\ with a saturated extension M' £ 1C\, we 
have 

|ga-S(M)| < |ga-S(M')| 

where the latter is governed by the bound in the proposition above. Given an adequate 
supply of such extensions, then, we can prove results similar to those found above, but 
now for weakly tame AECs. The existence of saturated extensions also has the following 
consequence: 

Lemma 6.2. // every model in 1C\ has a saturated extension in 1C\, then for any M S /C<a. 
\ga-S(M)\ < A. 

Proof: Take M £ IC < \. Let M 1 be a strong extension of M of cardinality A. By assumption, 
M' has a saturated extension M of cardinality A. This model, M, realizes all types over 



13 



submodels of size less than A, hence realizes all types over the original model, M. It follows 
that |ga-S(M)| < |M| = A. □ 

Notice that this is precisely the type-counting condition from which we are able to infer 
stability using the bound in Proposition 16. II Hence we have 

Theorem 6.3. Let K, be weakly x~tame for some \ > LS(K.), and ^-totally transcendental 
with fj, > x- Suppose that X is a cardinal with c/(A) > [i, and that every M G JC\ has a 
saturated extension M' G IC\. Then /C is X-stable. 

Proof: Let M G K,\. By assumption, we may replace M with a saturated extension M' of 
cardinality A, over which there can be at most A types, by Proposition 16. II and Lemma 16.21 
As noted above, |ga-S(M)| < |ga-S(M')|, and we are done. □ 
As a simple special case: 

Corollary 6.4. Suppose K, is weakly for some x > LS(IC) and fi-totally transcen- 

dental with n>x> an d suppose that X is a regular cardinal with X > [i. If ' fC is stable on an 
interval [n, A), /C is X-stable. 

Proof: Let M G K. be of cardinality A. By the usual union of chains argument, M has a 
saturated extension M' G tC which is also of cardinality A. Using the bound in Proposition ^. II 
we get |ga-S(M')| = A, whence A = \M\ < |ga-S(M)| < A, and thus |ga-S(M)| = A. The 
result follows. □ 
In particular, 

Corollary 6.5. Suppose K, is weakly x-^ame for some x ^ LSflC), fi-totally transcendental 
with /i > Xj an d X-stable for some A > /x. Then K. is X + -stable. 

This is weaker than a result of |BaKuVa06] . which infers A + -stability from A-stability in 
any AEC that is weakly tame in x < A, with no additional assumptions. The methods of 
|BaKuVa06] — splitting, limit models — are better adapted to the task of proving local transfer 
results of this form in the context of weakly tame AECs. The machinery of ranks and total 
transcendence provides us with leverage of a different sort, well suited to the task of producing 
partial spectrum results of a more global nature. 

In particular, we saw in Theorem 16.31 that in a /^-totally transcendental AEC, even if 
merely weakly tame, we may infer stability in A given an adequate supply of saturated 
extensions of cardinality A. As it happens, the category-theoretic notion of weak A-stability — 
introduced in [Ro97 , and analyzed in the context of AECs in |Li09aj — ensures that this 
requirement is met. The implications of this fact for the Galois stability spectra of weakly 
tame AECs are examined in |Li09aj . 
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